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Can we reach a hard target through a well-behaved path?

What geometric property makes such a path algorithmically useful?
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Target: X0 ∼ μ Add noise: Xt = e−tX0 + 1 − e−2tG, G ∼ N(0,I)

This induces a path:

μt = law of Xtμ∞ = N(0,I) μ0 = μ

If we have access to the score function , we can simulate the stochastic differential equation 
(with suitable discretization) in  time. ([CCL+23, LLT23…])

∇log μt
poly(d)

Y0 ∼ N(0,I), dYt = (−Yt − 2∇log μt(Yt)) dt + 2 dBt Score-based generative model

Score function

The density of  is not easy to compute.μt
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Why are noisy paths interesting?

Target: X0 ∼ μ Add noise: Xt = e−tX0 + 1 − e−2tG, G ∼ N(0,I)
Can we exploit the path geometry without assuming access to the score function?

 ([HLSZ26])poly(d)𝒪(L)The distributions  are L-log-smooth.μt

Only the target distribution  is L-log-smooth.μ  ([HZ25])eΩ(d)

L

Mean field distribution over : 

−∇2log μt(x) ⪰ − LId
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Conclusion

What does the path provide? What is not guaranteed? What makes it good？

Noisy paths Density of        Log-smoothness

Annealing paths Density of        How to move along the path Action

1. Why do we need pathwise geometry?

2. What do we know about pathwise geometry?

μt

Xt = e−tX0 + 1 − e−2tG μt

3. Future directions

To explore distributions with potentially poor geometry.

Can we design low-action paths automatically (via flow matching / Schrödinger bridges)?

Can action characterize the difficulty of other sampling dynamics, such as tempering methods?
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